A NOTE ON STRONG EDGE-COLORINGS OF 2-DEGENERATE GRAPHS 



RONG LUOf AND GEXIN YUJ 



Abstract. We show that every 2-degenerate graph with maximum degree A has a strong edge- 
coloring with at most 8A — 4 colors. 

1. Introduction 

A strong edge-coloring of a graph G is an edge-coloring in which every color class is an induced 
matching; that is, no edge can be incident to two edges with the same color. The strong chromatic 
index )d s {G) is the minimum number of colors in a strong edge-coloring of G. This notion was 
introduced by Fouquet and Jolivet (1983, [6]) and one of the main open problems was proposed by 
Erdos and Nesetfil during a seminar in Prague in 1985, as follows, 

Conjecture 1.1 (Erdos and Nesetfil, 1985). If G is a simple graph with maximum degree A, then 
X' S (G) < 5A 2 /4 if A is even, and X ' S (G) < (5A 2 - 2A + l)/4 if A is odd. 

This conjecture is true for A < 3, see [HE]. For A = 4, Cranston [1] showed that x' s {G) < 22, 
two more than the conjectured upper bound 20. Chung, Gyarfas, Trotter, and Tuza (1990, [3]) 
confirmed the conjecture for 2K2-free graphs. Using probabilistic methods, Molloy and Reed [10] 
proved that for sufficiently large A, every graph with maximum degree A has strong chromatic index 
at most 1.998A 2 . Readers are referred to Problem 17 in Chapter 6 of |llj for more information 
about strong edge colorings of graphs. 

Sparse graphs have also attracted a lot of attention. Faudree, Gyarfas, Schelp, and Tuza (1989, 
[5]) showed that every planar graph with maximum degree A has strong chromatic index at most 
4A + 4. Hocquarda, Ochemb, and Valicov [7] showed a tight result which claims that every non- 
trivial outerplanar graph can be strongly edge-colored with at most 3A — 3 colours. Hocquard, 
Montassier, Raspaud, and Valicov [8] gave the optimal upper bound on x' s subcubic graphs with 
certain maximum average degrees. 

A graph is 2-degenerate if every subgraph has minimum degree at most two. Outplanar graphs, 
non-regular subcubic graphs, and planar graphs with girth at least six are all 2-degenerate graphs. 
Chang and Narayanan (2012, [2]) recently proved that a 2-degenerate graph with maximum degree 
A has strong chromatic index at most 10A — 10. They actually proved the following stronger 
statement (see paragraphs 4 and 5 in [2]). 
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Theorem 1.2. (Chang and Narayanan, [2]^ Let G be a 2-degenerate graph with maximum degree 
A > 0. Let B = {1,2, •• • ,5A — 5} and B' = {1', 2', • • • , (5A - 5)'}. Then G has a strong edge- 
coloring with colors from B U B' so that 

(a) Every pendant edge (if any) is colored with a color in B; 

(b) If a pendant edge is colored with a color c G B, then no edge within distance 1 to the edge is 
colored with c' . 

In this note, we prove a stronger result with a better upper bound. The induction in our proof 
is similar to their proof, except that we add an extra condition (3). This extra condition helps fix 
a gap in their proof (in the third paragraph on Page 5 in [2] , if some edge incident to v has color 
c', then the priming process fails as one cannot color ww' with c'). Also in our proof, instead of 
considering a subgraph by deleting one edge from G, we delete a bunch of edges and try to color 
those deleted edges one by one, and this helps us improve the upper bound. 

Theorem 1.3. Let G be a 2-degenerate graph with maximum degree at most A. Let B = {1, 2, • • • , 4A— 
2} and B' = {1', 2', • • • , (4A — 2)'}. Then G has a strong edge-coloring with colors from B U B' so 
that 

(1) Every pendant edge is colored with a color in B; 

(2) If a pendant edge is colored with a color c G B , then no edge within distance 1 to the edge is 
colored with c' ; 

(3) No pair of colors {c, c'} appears at the same vertex. 

As a corollary, every 2-degenerate graph with maximum degree A has strong chromatic index at 
most 8A - 4. 

2. Proof of Theorem 11.31 

In this section, we prove Theorem 11.31 We will use the following notion. A /c-vertex (^"-vertex, 
/c + -vertices) is a vertex of degree k (at most k, at least k). If a k- vertex (k~-veitex, fe + -vertex) 
u is a neighbor of vertex v, then we also call u to be a fc-neighbor (/c _ -neighbor, /c + -neighbor) of 
v. Let B = {1, 2, ■ ■ ■ , 4A - 2} and B' = {1', 2', • • • , (4A - 2)'} be the sets of colors. For a color 
c G B U B', denote c' to be the corresponding color in the other color set (thus (c')' = c). For 
A C B or A C B', let A' = {c' : c G A}. If / is a strong edge coloring of G (or its subgraph), then 
we use Cf(v) to denote the set of colors of the edges incident with v G V(G). 

First of all, we quote the following lemma on 2-degenerated graphs. 

Lemma 2.1. (Lemma 3, [2]J Let G be a 2-degenerate graph. Then G has a vertex v with degree at 
least 3 that has at most two *& + -neighbors. 

Proposition 2.2. Let uv be a pendant edge in G with d(u) = 1. /// is an edge-coloring of G with 
properties in Theorem \1.3\ so that f{uv) = c, then the coloring g, which differs from f only on uv 
with g(uv) = d , is a strong edge-coloring which satisfies (2) and (3) but violates (1) (only) at the 
pendant edge uv. 
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Proof. It is clear that uv is the only pendant edge colored with a color in B' in g. Since f(uv) = c, 
by (2), c, d G" U ug 7v(i))C/(' u ) = ^u€N(v)C g (u) and c,d do not appear on the edges incident with v 
(except uv) in / thus also in g. So g satisfies (2) and (3). □ 

Proof of Theorem 11.31 Let G be a smallest counterexample to Theorem 11.31 That is, G is a 
2-degenerate graph with maximum degree at most A and very proper subgraph of G has a desired 
strong edge coloring. 

By Lemma 12. 1| let v be a vertex adjacent to at most two 3 + -vertices. Let d = d(v) — 2, and 
Vi, ■ ■ ■ ,Vdhe 2~-neighbors of v, and u and w be the other two neighbors of v. We have the following 
claim. 

Claim 2.3. d(vi) = 2 for i = 1, • • • d. 

Proof. Without loss of generality, suppose that v\ is a 1-neighbor of v. Let / be a strong edge- 
coloring of G - vi satisfying (l)-(3). Let A = U xeN ^Cf(x). Then (A n BJ C B and (ifl5)U 
(A n B')' C B, and 

\{AnB)u(AnB')'\ < \A\ < d(a:)-l<2A + 2(d(w)-3)-l<4A-7. 

x€N(v) 

Therefore let f{vv\) = c, where c G B — ((Ar\B)U(Ar\B')'). As c, c' A, / is a strong edge-coloring 
of G. 

To see a contradiction, we now show that / satisfies (l)-(3). Since f(vvi) = c € B, Property (1) 
is met. Since c ^ An B and c £ (An B')', c ^ AnB and d ^ An B', that is, c £ A. Therefore, 
Properties (2) and (3) are met. □ 

By Claim [231 for each i = 1, 2, ■ ■ ■ , d, let N(vi) = {v, Ui}. Consider G\ = G — {vvi : 1 < i < d}. 
Then G\ has a desired strong edge-coloring /. As ViUi is a pendant edge in G±, it is colored with 
a color in B. 

We now consider a new edge-coloring g of G which may only differ from / on edges ViUi. For each 
edge v^i, if (/(ujUj))' {/(mi), /(to)}, then let g{v,iUi) = (/(ujUj))', otherwise, g{viUi) = f(viUi). 
By Proposition 12.21 5 is a strong edge-coloring of C?i which satisfies (2) and (3). We are going to 
color the edge Wi one by one with available colors in B. As the edges v^i are not pendent edges in 
G, (1) is not violated in the new coloring. Note that the more edges Wi are colored, the less choices 
for the remaining uncolored edges, so we only need to consider when only one edge (say vv\) is yet 
to color. We still use g to denote the strong edge-coloring of G — vv\ which is an extension of the 
coloring g of G\. 

Let S = {g(vu), g(vw), g(v\Ui)} n B'. Then S' C B. Note that by the construction of g, 
g(vvi) G B for each i = 2, 3, • • ■ , d and furthermore g(viUi) = c G B if and only if d G S, thus if 
and only if c G S'. Let 

n = [{g(vu),g(vw)} nB]U5'U {g(v Vi ) : 2 < i < d} U ([C g (ui) U C g (u) U C g (w)] fl B). 

Since 

M < (d(«) + d(w) + (d(u) - 3) + d(ui) < 4A - 3, 
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pick one color t G B \ f2 and let g{vv\) = t, so we obtain an edge-coloring of G. By the choice of 
t, g{vv\) = t ^ g(v\Ui) and no edge within distance 1 to vv\ is colored with t except those on viui 
with i > 2. But if ViUi = t for some i > 2, then if G {f (vu) , f (vw)} , so t 6 f!, a contradiction. 
Therefore 5 is a strong edge-coloring of G. 

Lastly, we show that g satisfies Properties (l)-(3). Since none of v\U\ and vv\ are pendant edges 
in G, (1) and (2) are satisfied. So we just need to show that g(v\U\) 7^ t' and if C g (v). If there is 
an edge incident with v\ or v is colored with if, then e € {viiti, «io, vu} since givvi) G -B for each 
i = 2, 3 • • • . Hence /(e) = t' G S and thus t = S' C 17, a contradiction. Therefore (3) is met. This 
finishes the proof of Theorem 11.31 

3. Final remarks 

In [2], they also studied the strong chromatic index of a chordless graph G and showed that 
x' s {G) < 8A — 8. Their proof is very similar to the one for 2-degenerate graphs, thus also has a 
similar gap. We can improve their result to the following 

Theorem 3.1. Let G be a chordless graph with maximum degree at most A. Let B = {1, 2, • • • , 3A— 
1} and B' = {1', 2', • • • , (3A — 1)'}. Then G has a strong edge-coloring with colors from B U B' so 
that 

(1) Every pendant edge is colored with a color in B; 

(2) If a pendant edge is colored with a color c G B, then no edge within distance 1 to the edge is 
colored with d ; 

(3) No pair of colors {c, c'} appears at the same vertex. 

So if a chordless G has maximum degree A, then x's(G) — — 2. The proof is very similar to 
that of Theorem 11.31 so we omit it here. 

We do not believe that the bounds in this note are optimal. Let G be the graph consisting 
of a triangle with D — 2 leaves on each of the vertices on the triangle. Then A(G) = D and 
x' s (G) = 3 A — 3, but G is 2-degenerate and chordless. So x' s (G) > 3A — 3 for any 2-degenerate or 
chordless graph G with maximum degree A. 
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